Abstract. We briefly review the concepts of generalized zero curvature conditions and integrability in higher dimensions, where integrability in this context is related to the existence of infinitely many conservation laws. Under certain assumptions, it turns out that these conservation laws are, in fact, generated by a class of geometric target space transformations, namely the volume-preserving diffeomorphisms. We classify the possible conservation laws of field theories for the case of a three-dimensional target space. Further, we discuss some explicit examples.
Introduction
Integrability, that is the existence of infinitely many conservation laws, has been an invaluable concept for the analysis of nonlinear field theories in 1+1 dimensions. In higher dimensions, on the other hand, much less is known about nonlinear field theories. A general concept of integrability has not yet been developed there.
One proposal for integrability in higher dimensions was provided in [1] , where the zero curvature representation of Shabat and Zakharov has been generalized to higher dimensions. Further, it was demonstrated in that paper that this proposal leads to nonlinear field theories which have either infinitely many conservation laws in the full theory, or which contain integrable subsectors, defined by some additional constraint equations on the fields, such that the solutions belonging to these subsectors have infinitely many conservation laws. This zero curvature representation, therefore, realizes the concept of integrability in higher-dimensional non-linear field theories in a specific and well-defined manner.
These methods have later been applied to specific models and to the analytic construction of both static and time-dependent solutions. For models with infinitely many conservation laws (the so-called AFZ model and related models), static and time-dependent solutions have been constructed, e.g., in [2, 3, 4, 5] , and in [6, 7] , respectively. Solutions in integrable subsectors of models which are, themselves, not integrable, have been constructed, e.g., in [8, 9, 10, 11] (the Nicole model and versions thereof) and in [12, 13] (diverse models on base space S 3 ). All these models share the property that their target space has dimension two.
A well-known nonlinear field theory with three-dimensional target space is the Skyrme model [14, 15] with target space SU(2) (or equivalently the three-sphere S 3 ). Further, this model contains an integrable subsector, and the simplest Skyrmion (i.e., the simplest soliton of the Skyrme model with baryon number equal to one) belongs to this integrable subsector, see [16] .
In many cases, it turns out that most of the new conserved currents in models and their subsectors are Noether currents and generalizations thereof, i.e., they are related to transformations of the target space variables (see [17] ). So a direct, geometric approach has been successfully undertaken to find those currents, first for models with two-dimensional target spaces [18, 19] , and later also for three-dimensional target spaces [20] .
It is the purpose of this review to give a short overview of some of these recent results on higher-dimensional integrability mentioned above, and to present some applications. Concretely, in Section 2 we briefly review the generalized curvature condition which was proposed in [1] as a possible way to generalize integrability to higher dimensions. In Section 3 we introduce volumepreserving diffeomorphisms on target space. For the case of three-dimensional target space we then classify for a wide class of Lagrangians all possible conservation laws, where the conserved currents in all cases are Noether currents of the volume-preserving target space diffeomorphisms. This section closely follows [20] , but provides a slightly more refined classification, which turns out to be useful for applications. In Section 4 we study as an explicit example the Abelian projection of Yang-Mills dilaton theory, which turns out to be integrable, and where an infinite number of analytic static solutions exist. Here we closely follow the results of [21] . Section 5 contains a brief discussion. In the appendix we provide the calculational details of the classification of Section 3.
Generalized zero curvature condition
Here we briefly review the proposal for generalized integrability of [1] , to which we refer for the details. The structure needed consists of a reducible Lie algebraG which is a direct sum of another Lie algebra G and an Abelian ideal H, G = G ⊕ H together with a flat connection
and a covariantly constant vector field
with
where T a and P α form a basis in G and H, respectively. Further, µ = 1, . . . , d are base space indices.
To gain some intuition, let us first remark that equation (1) is just a generalization to higher dimensions of the zero curvature condition of Zakharov and Shabat in 1+1 dimensions. Further, equation (2) in some sense just generalizes the Lax pairL = [L, M ] to higher dimensions. Another important point is that equations (1), (2) are not chosen arbitrarily but may, in fact be derived from a generalized curvature condition as follows.
Firstly, the zero curvature condition equation (1) of Zakharov and Shabat may be derived as a consequence of the path independence of the Wilson line (or parallel transport) operator
where P indicates the path ordering. In an analogous way, equations (1), (2) may be derived from the hypersurface independence of the following hypersurface ordered operator V in d dimensions,
Here the d − 1 formB is the Hodge dual of the vector (one-form) of equation (2) (in fact,B is the more natural object from the point of view of generalized integrability). Further, Σ d−1 is a based, ordered, closed hypersurface with base point x 0 ≡ x (σ j = 0).P is the hypersurface ordering, which we shall explain a bit more in a moment. So far this is a generalization of the non-Abelian Stokes calculus formulated in three dimensions by Schlesinger in 1927 [22] . The hypersurface independence of V , in turn, may be derived from the zero curvature condition for a connection A in higher loop space Ω n (M, x 0 ) where
Explicitly, the connection A reads
where δx µ d−1 is the differential on higher loop space which provides an arbitrary infinitesimal variation of the higher loop. A closed ordered based hypersurface Σ d−1 may be interpreted as a closed loop in loop space Ω d−2 , and this observation allows to understand the hypersurface ordering. It is just ordinary path ordering of the corresponding ordinary loop in higher loop space Ω d−2 . We want to emphasize that the conditions equations (1), (2) are sufficient, local conditions for the zero curvature condition on the connection A of equation (3), but certainly they are not the most general ones.
After this brief review of the generalized zero curvature condition, we assume that equations (1), (2) hold and make the following additional simplifying assumptions that
• G is a semisimple Lie algebra (e.g. su (2)) with
and structure constants f ab c .
• H is a (in general, reducible) representation space of G:
• A µ is explicitly flat:
(where e.g. G = SU(2)) such that only equation (2) provides a nontrivial condition (D µ B µ = 0).
• Under these conditions, the currents
are automatically conserved, ∂ µ J µ = 0, and therefore the number of the conserved currents equals the dimension of the representation space H, dim H. If dim H = ∞, then we say that the corresponding field theory is integrable.
In general, the conserved currents of an integrable theory may be either Noether currents or may be related to hidden symmetries. Under the assumptions equations (4)- (7), however, the currents J µ turn out to be Noether currents of geometric target space transformations, where the target space is spanned by the parameters of g ∈ G.
A first example for this structure is like follows.
• The Lie group G is SU (2) where, however, its elements g ∈ G are restricted to the equator of SU (2) such that the target space is two-dimensional.
• The representation space H is the space of representations of SU (2) with arbitrary integer angular momentum quantum number l, but magnetic quantum number m restricted to ±1,
• Then the conserved currents J µ of equation (7) turn out to generate area preserving diffeomorphisms on the two-dimensional target space (which may be, e.g., the two-sphere S 2 , but this depends on the Lagrangian).
A detailed discussion of this case may be found in [17] , or in [18, 19] .
Another class of theories with three-dimensional target spaces is obtained when the group element g is assumed to take values in the full unrestricted group SU (2) . There it turns out that the resulting conservation laws are generated by some subsets of the generators of volumepreserving diffeomorphisms on that target space. This case is discussed in the next section, where also a classification of the conservation laws of these theories is given. More details may be found in [20] .
3 Conservation laws for Skyrme-type models
Volume-preserving diffeomorphisms
Let us start with a three-dimensional manifold (later to be identified with target space) with local coordinates X i and with a volume form which in local coordinates reads
where h is the volume density. Further, a diffeomorphism is an infinitesimal transformation
where ǫ is infinitesimal, and the Y i are arbitrary functions of the X j . A volume-preserving diffeomorphism has to obey
in addition. The corresponding vector fields
such that
is again a volume-preserving diffeomorphism. For later convenience we change coordinates according to
These new coordinates are especially useful for a parametrization of g ∈ SU(2),
provided that we also replace the unit vector field n by a complex field u via stereographic projection
Further, we assume from now on the following form of the volume density h = h(uū, ξ) for simplicity. Finally, we interpret u, ξ as target space variables of a Lagrangian field theory with general Lagrangian L(u,ū, ξ, u µ ,ū µ , ξ µ ), where u µ ≡ ∂ µ u, etc., then the Noether currents corresponding to the vector fields v (Y ) generating volume-preserving diffeomorphisms on target space are given by
with the usual canonical four-momenta
The charges
generate a Lie algebra isomorphic to the algebra of the vector fields v (Y ) via the Poisson bracket, as usual.
Classification of conserved currents
We now specialize to the class of Lagrangians
where
To motivate this choice let us mention that, e.g., the Skyrme model belongs to this class. Indeed, the Skyrme model has the Lagrangian
and g is the SU(2) group element of equation (8) .
For the class of Lagrangians (11) we now want to find which subsets of the currents (10) are conserved under which conditions. The calculation is lengthy and is, therefore, relegated to the Appendix. Here, we present the resulting classification in the following four tables. In Table 1 the fields just obey the field equations and, therefore, there is a one to one correspondence between symmetries and conservation laws. In Tables 2-4 , on the other hand, the fields have to obey certain first order equations ("integrability conditions"), in addition. These integrability conditions are not of the Euler-Lagrange type and, therefore, there is no longer a one to one correspondence between symmetries and conservation laws, see [23] for a detailed discussion. No integrability conditions a) no condition on L.
Generically there exists only one vector field Y : h 2 c, d, he) .
There exist finitely many Y generating the isometries of the target space metric. c) L b = 0 and L e = 0.
Y form the Abelian subalgebra (G =G(a)):
and factorizing h = h 1 (a)h 2 (ξ). Y forms the non-Abelian subalgebra (for G = G(u,ū)):
Case a) corresponds to the symmetry u → e iα u. Case b) implies that the Lagrangian can be expressed by the pullback of a certain target space metric, such that h is the Riemannian volume density of that metric. One example for this case is the Skyrme model. One example for case d) is provided by the Abelian projection of Yang-Mills dilaton theory, which is discussed in Section 4. Integrability condition
Y forms the Abelian subalgebra (for G = G(a, ξ)):
The integrability condition u 2ū2 µ −ū 2 u 2 µ = 0 may also be expressed like ∂ µ (mod(u))∂ µ (arg(u)) = 0, which provides a more geometric interpretation.
Example: Abelian projection of YM dilaton theory
Here we want to demonstrate that the Abelian projection of Yang-Mills dilaton theory is integrable in our sense. It belongs, in fact, to case d) of Table 1 . A more detailed discussion can be found in [21] . The Lagrangian of Yang-Mills dilaton theory is
where A a µ is an SU(2) Yang-Mills field and F a µν is the corresponding field strength. Next, we want to employ the Cho-Faddeev-Niemi decomposition of the gauge field,
µ , where C µ is an Abelian gauge field, n a is a unit vector in color space, and the so-called "valence field" W a µ is perpendicular to n a in color space, n a W a µ = 0. To be consistent, the decomposition fields have to obey the constraint Integrability conditions u µ ξ µ = 0 a) no condition on L; or L = F(hb, h 2 c, d, he). Y forms the Abelian subalgebra (for G = G(a, ξ)):
And the further integrability condition u 2ū2
no further condition on Y .
Case a) is obeyed by many configurations of the Skyrme model. E.g., the simplest Skyrmion with baryon number one as well as many ansätze for Skyrmion configurations satisfy the conditions of case a). Case d): the "weight number" W is defined for monomials of first derivatives of fields as W = power(u µ )+ power(ū µ ) − 2power(ξ µ ), which gives e.g. W(b) = 2, W(e) = −2. Integrability conditions u 2 µ = 0 and u µ ξ µ = 0 a) no condition on L.
Y forms the Abelian subalgebra (for G = G(a, ξ)): This constraint makes that the number of degrees of freedom of the original gauge field and of the decomposition match, and further, it provides the correct behaviour under gauge transformations for the decomposition fields, which infinitesimally read
In a next step, we perform the Abelian projection, which consists in setting the valence field equal to zero,
Observe that the Abelian projection is gauge invariant and obeys the constraint (12) . The resulting gauge fieldÂ a µ = n a C µ + ǫ abc n b µ n c still is a full SU(2) connection, but with Abelian field strength. The resulting Abelian projected Yang-Mills dilaton theory is already integrable, that is, it has infinitely many conserved currents, see [21] for details. Here we make the further simplifying assumption C µ ≡ 0 (which is no longer gauge invariant). The resulting Abelian projected Lagrangian is
or, after the stereographic projection (9),
It corresponds to case d) of Table 1 and has, therefore, infinitely many symmetries and infinitely many conservation laws. We now want to use our explicitly integrable parametrization of the Abelian projection of Yang-Mills dilaton theory to discuss the problem of static solutions. For that purpose, we should first review the known results on that issue. It is known that there exist static, sphaleron type solutions in Yang-Mills dilaton theory. For the fully non-Abelian theory, solutions both for radially and cylindrically symmetric ansätze are known numerically, whereas for the Abelian subsector solutions for radially and cylindrically symmetric ansätze are known analytically. In the latter case, it is further known that the energy of the analytic solutions grows linearly with a certain integer m from the ansatz (the magnetic quantum number). The latter fact points to the existence of a Bogomolny bound in the Abelian projection, but an ansatz-independent derivation of this Bogomolny bound has not yet been given in the literature.
In our integrable Abelian projection of YM dilaton theory, the analytic solutions may be calculated easily by quadratures, and the Bogomolny bound may be derived explicitly. Indeed, upon introducing spherical polar coordinates (r, θ, ϕ) in three-dimensional base space, the ansatz ξ = ξ(r), u = v(θ) exp(imϕ) turns out to be consistent with the static field equations because of the base space symmetries of the theory. The resulting ordinary differential equations for ξ(r) and v(θ) turn out to be solvable by quadratures, such that the corresponding exact analytic solutions may be calculated easily. The solvability by quadratures of the field equations might be related to the integrability of the theory. For details we refer to [21] .
Finally, the Bogomolny bound may be derived easily within our parametrization. Indeed, we find for the energy corresponding to the Lagrangian (13) for static configurations
(where H is the Hodge dual of H jk ) and, therefore, the Bogomolny equation
All the analytic static solutions mentioned above satisfy this equation and are, therefore, Bogomolny solutions. Further, the Bogomolny energy E Bog. may be expressed by the winding number of a map S 3 → S 3 , see again [21] . To recapitulate, our main results for the Abelian projection of YM dilaton theory are that
• there exist infinitely many symmetries and infinitely many conserved currents,
• this fact may explain the infinitely many analytic solutions (this still is a conjecture, which exploits the analogy to the lower dimensional cases),
• there exist both a Bogomolny bound and a Bogomolny equation for static configurations, and the latter is solved by all known analytic solutions.
Discussion and outlook
It was the purpose of this article to briefly review some recent developments in the attempts to generalize the concept of integrability to higher-dimensional nonlinear field theories. We gave a brief introduction to the general proposal for higher-dimensional integrability of [1] and then showed how, under certain additional assumptions, this higher-dimensional integrability is related to certain geometric target space transformations (concretely, volume preserving differomorphisms) which provide infinitely many conservation laws. We discussed in some more detail the case of a three-dimensional target space and, as a specific example, the Abelian projection of Yang-Mills dilaton theory and its static analytic solutions. Some more applications to specific theories have already been studied (see, e.g., the references quoted in the Introduction), which already demonstrates the usefulness and importance of the concept of generalized integrability for the study of higher-dimensional nonlinear field theories. There exist, however, many more applications which are still open to further investigation. One obvious application is the search for time-dependent solutions (e.g. Q-balls) in theories where till now only static solutions have been found (e.g. in the integrable submodel of Yang-Mills dilaton theory of the previous section). Another possibility for generalizations consists in the choice of larger groups G instead of SU (2) in the integrability construction discussed in Section 2. This leads to integrable theories with higher-dimensional target spaces. The search for an integrable submodel of Einstein Yang-Mills dilaton theory and for analytic solutions within this submodel would be an obvious candidate, especially as for this theory only numerical solutions are known so far. The generalizations and further investigations mentioned here still deal with a connection which is trivially flat, A µ = g −1 ∂ µ g, such that the zero curvature condition (1) of Section 2 is trivially fulfilled, and equation (2) remains the only nontrivial generalized zero curvature condition. A further possible generalization consists in treating equation (1) as a nontrivial condition, too, which generates nontrivial constraints on the connection. The resulting modified generalized integrability might then lead to nonlocal conserved currents and to conservation laws which are not generated by geometric transformations, as is well-known to be the case in 1+1 dimensions. This line of investigation is, however, almost completely unexplored, and the above remarks are, therefore, mainly a proposal at the moment.
A Appendix
In this appendix we provide the details of the calculation of the conserved currents (10) for the class of Lagrangians (11) . The Lagrangians L = L(a, b, c, ξ, d, e) have the following canonical four-momenta
and we need the following useful identities
Now we want to calculate the divergence of the Noether currents (10)
After a lengthy but straight-forward calculation, and using
(which easily follows from ∂ i (hY i ) = 0), we find
and
For the special choice
this simplifies to 
(Note that the above, correct, expression equation (16) differs from the corresponding one in [20] by one sign and one factor of two, which are incorrect in [20] . This small error in that reference has, however, absolutely no significance for the results of [20] .) From these results it is not difficult to reconstruct the classification presented in Tables 1-4 of the main text. Let us focus on Table 1 for the moment. If no conditions are imposed on the Lagrangian, then the Y i have to obey uYū +ūY u = 0 and Y ξ = 0 together with Y u ξ = 0, Y uū = 0, etc, which has the only solution Y u = iu, Yū = −iū, which is just case a) of Table 1 . In case b), the condition L = F(hb, h 2 c, d, he) implies that the first two terms in I, equation (15) , are absent, but for general F(hb, h 2 c, d, he), it is still difficult to reconstruct the corresponding target space metric. However, if we restrict to the subclass of models L = F[d+hb, 4h(bd−e)+h 2 c] (to which e.g. the Skyrme model belongs), then the target space metric is just
and it is not difficult to check that the resulting conditions on Y i in that case are just the Killing equations for the above target space metric. Further, cases c) and d) are easy to check, because in these cases most terms in the conservation equation (14) are zero. The same is true for the remaining tables, because most terms in (14) vanish because of the integrability conditions. For Tables 3 and 4 we add the remark that the condition that the "weight number" defined in Table 3 vanishes implies that the third term in equation (15) is zero. For additional details we refer to [20] .
